Abstract. We study the Artin Approximation property with constraints in a different frame. As a consequence we give a nested Artin Strong Approximation property for algebraic power series rings over a field.
Introduction
Let K be a field and R = K x , x = (x 1 , . . . , x n ) be the ring of algebraic power series in x over K, that is the algebraic closure of the polynomial ring K[x] in the formal power series ringR = K [[x] ]. Let f = (f 1 , . . . , f q ) be a system of polynomials in Y = (Y 1 , . . . , Y p ) over R andŷ be a solution of f in the completionR of R.
Theorem 1 (M. Artin [2] ). For any c ∈ N there exists a solution y (c) in R such that y (c) ≡ŷ mod (x) c .
Also M. Artin proved before (see [1] ) a similar statement for the ring R of complex convergent power series and later (see [3, p.7] ) asked, whether, given c ∈ N and a formal solution y(x) = (y 1 (x), . . . , y p (x)) ∈ C [[x] ] p satisfying
for some integers s j ∈ [n], there exists a convergent solution y ′ (x) of f such that y ′ (x) ≡ y(x) mod (x) c and y ′ j (x) ∈ k{x 1 , . . . , x s j } ∀j ∈ [p]. Shortly after, A. Gabrielov [8] (see also [20, Example 5.3 .1]) gave an example showing that the answer to the previous question is negative in general. On the other hand, since Theorem 1 remains valid if we replace convergent power series by algebraic power series, the question of M. Artin is also relevant in this context and it appears that in this case the question has a positive answer as it is shown in [17, Theorem 3.7] (see also [18, Corollary 3.7] , [20 Similarly, we considered below the following question.
. . , Y m ). Assume that there exists a solutionŷ ∈ R ′p of f = 0 such thatŷ
. Is it possible to find a solution y ∈ R p of f = 0 such that
We show (see Proposition 7 and Theorem 9) that Question 3 has a positive answer when the field extension K ⊂ K ′ is algebraically pure. A ring morphism u : A → B is called algebraically pure (see [16] ), if every finite system of polynomial equations over A has a solution in A if it has a solution in B. A finite type ring morphism is algebraically pure if and only if it has a retraction and a filtered inductive limit of algebraically pure morphisms is an algebraically pure morphism by [16] (see also [14, Theorem 1.10] ). It is easy to see that a field extension of an algebraically closed field is algebraically pure and the ultrapower of fields define algebraically pure field extension (see the proof of Theorem 11).
The above questions are related with the so called Artin approximation property. There exists also a strong approximation property (see [10] , [2] , [15] , [11] , [16] , [17] , [18] , [20] , [19] ). 
This question has a positive answer when K = C but a negative one when K = Q (see [4] , [20, Proposition 3.3.4] and [20, Example 5.4 .5])). Similarly, we considered below the following nested question.
Question 5. Let us consider a field
Theorem 11 shows a positive answer to this question. The proof uses the ultrapower methods (see [4] , [16] , [17] , [18] ) and so it is not constructive. We should mention that there exists a stronger result (see Remark 13) .
Artin approximation property with constraints is necessary in CR Geometry (see [5] and [12] ), the nested case appears in the construction of the analytic deformations of a complex analytic germ when it has an isolated singularity (see [9] , [11] , [19] ). It is also used to prove that analytic set germs are homeomorphic to set germs (see [13] ), or to polynomial germs (see [6] ) having no assumption on the singular locus.
We owe thanks to G. Rond who hinted us the Remark 13 and to a referee who showed us several misprints and had useful comments.
1. Properties on polynomial rings similar to the Artin approximation with constraints.
Question 2 together with [7, Theorem 3.4] give the idea of the following proposition.
p be a finitely generated
Proof. Let w 1 , . . . , w r be the generators of M andû ∈ N ′ . We have
w jvj has this form for some polynomialsv
The components of equation (1) give a system of (p( 1≤s≤β
) matrix of entries of coefficients of w j from K,ṽ is a vector of entries from the coefficients ofv j from K ′ and u is a vector of entries from the coefficients ofû i from K ′ . Now this is a system L of linear equations with coefficients in K and has a solution (v jq ), (û il ) in K ′ . We may consider in L only variables corresponding to those (v jq ), (û il ) which are not zero.
If we have u i 0 ν = 0 for all solutions of L from K then we get a contradiction because (û il ) is generated by the solutions of L from K. Hence u i 0 ν = 0. Since the coefficients of u i are zero when the corresponding coefficients ofû i are zero we see that u ∈ N and it has no coefficients corresponding toû il when |l| < c. Hence we have min i ord u i = ord u i 0 = c.
′ be an algebraically pure morphism of fields and
Then there exists y ∈ N such that f (y) = 0 and ord
where w j are the coefficients of f in Y and belong to
. Let w j = (w 1j , . . . , w pj ),
Let Q ′ (x) be the least common multiple of ((Q ′ ij )(x)) for all j ∈ N n , |j| < α and
. If we multiply the equation (2) by
From equation (1) we see that f will be transformed in a different system of equations inP i ,Q i , that is we change f by another system in moreŷ (in fact 2p will be the new p) but this time they are from
for some bigger p and we look for a solution from
This new system will give a system of equations F in the nonzero coefficients (ŷ iq ) ofŷ i in x. Moreover we add for each i, q withŷ iq = 0 a new equation
for any i ∈ [p]. It follows that the new y given by
Corollary 8. Let K be an algebraically closed field, K ⊂ K ′ a field extension and
For the proof note that a field extension of an algebraically closed field is an algebraically pure field extension (see [16, Corollary 1.8] ).
2. Properties on algebraic power series similar to the Artin approximation with constraints.
Theorem 9. Let K → K ′ be an algebraically pure morphism of fields and
and so they factor through an etale
Note that the coefficients of f belong to an etale neighborhood of K[x] (x) and so we may consider the coefficients of f as images of some elements of an etale K[x]-algebra V by the limit map θ : V → K x . Let us say V = (K[x,T ]/(F ))G, whereF is monic inT andG is a multiple of ∂F /∂T . More precisely, assume that f = j<β w j Y j , w j ∈ K x and choose w ′ j ∈ V with θ(w
. We may enlarge U such that the composite map V → K x → K ′ x factors through U, let us say the K[x]-morphism ψ : V → U is given byT → b ′ ∈ U. Let ρ : U → K ′ x be the corresponding limit map. We have the following commutative diagram. 
Note thatf depends onȳ
We have the following commutative diagram.
Next we note that i),ii), i'),ii'),iii) means that the coefficients from
[T ] increasing m if necessary. This equation has the form:
and similarly for others. This gives a system of polynomial equations H i over K which has a solution in
We may assume that Q = m q=1Q q T q and L = m t=1L t T t increasing m if necessary. Then we get:
increasing m, α if necessary. This gives a system of polynomial equations H ii over K which has a solution in
and similarly for others. It gives a system of polynomial equations H i ′ over K which has a solution in
Tt increasing m if necessary. Now this equation has the following form:
increasing α if necessary. This gives a system of polynomial equations H ii ′ over K which has a solution in
where
This gives a system of polynomial equations H iii over K which has a solution in
[T ]/(F ′ ))G′ and some mapsφ i :Ũ i →Ũ,ρ i : U i → K x J i ,ρ :Ũ → K x , and similarψ,φ which make commutative two diagrams similar as above but written for the case K = K ′ if we can show thatρ i andθ are given byρφ i , resp.ρψ.
Suppose that ρ i , ρ, θ are given by
is a solution of a certain system of polynomial equations (Λ k ) k∈N n . A solution of H ∪ (Λ k ) k∈N n will define the maps ρ,ρ i ,θ,ψ,φ which make indeed commutative the two diagrams above written for
is an infinite set of equations and we have to see that just a finite set of them are actually enough. Set ordẑ i = ν i , ordz =ν, ord z ′ = ν ′ and µ = max{(ν i ),ν, ν ′ }. Using the unicity of the Implicit Function Theorem (V, U,
Taken Λ = (Λ k ) |k|≤µ we see that the two above diagrams are commutative, that is a Then y i =ρ i (ỹ i ) form a solution of f in K x which is in N . Unfortunately, ord y i = ordŷ i in general and to get equality we must choose the solution of H ∪Λ∪∆ more carefully, that is satisfying also some other system of equations.
Note that there exists a system of polynomials (Γ ij ) j∈N n in some variables
), (ẑ ik )) = 0 for all j with |j| < c i and Γ iγ ((ȳ ′ i,k i ,q i ), (ẑ ik )) = 0 for some γ with |γ| = c i . Note that only a finite number (ȳ
iγ is a solution of the system Γ i given by the polynomial equations
Corollary 10. Let K be an algebraically closed field, K ⊂ K ′ a field extension and
Then there exist y ∈ N such that f (y) = 0 and ord y i = ordŷ i for i ∈ [p].
Ultrapower and Nested Strong Artin Approximation
A filter on N is a non-empty family D of subsets of N satisfying
An ultrafilter on N is a maximal filter in the set of filters on N with respect to inclusion. A filter D is an ultrafilter if and only if N \ s ∈ D for each subset s ⊂ N such that s / ∈ D. It follows that s ∪ t = N implies s ∈ D or t ∈ D because D is an ultrafilter. An ultrafilter is called nonprincipal if there exist no r such that D = {s|r ∈ s ⊂ N}. More precisely, an ultrafilter is nonprincipal if and only if it contains the filter of all cofinite sets of N.
Let (A i ) i∈N be a family of rings and I = {(x i ) i∈N ∈ i∈N A i |{i|x i = 0} ∈ D} an ideal in i∈N A i . We call the factor ring i∈N A i /I the ultraproduct of the family (A i ) i∈N with respect to the ultrafilter D. If A i = A for all i ∈ N, then denote A * = i∈N A i /I and call A * the ultrapower of A with repect to the ultrafilter D. An element a ∈ A * has the form [(a i ) i∈N ], a i ∈ A, where "[ ]" means the class modulo I. We recall below some properties of the ultrapower given in [4] , [16] , [17] , [18] .
If A is a local ring with m its maximal ideal, then m
m} ∈ D} is a maximal ideal in A * and the unique one. If K is the residue field of A then the residue field of A * is the ultrapower K * of K with respect to the ultrafilter D. Proof. We will show that given c = (c 1 , . . . , c p ) ∈ N p there exists an integer k c ∈ N such that if y ′ = (y [4, Remark, page 199] ) but the general case follows in the same way using the Nested Approximation property [17, Theorem 3.7] .
